Adiabatic regularization is a useful method to remove UV divergences in quantum fields in curved spacetimes. For relic gravitational wave generated during inflation, regularization on all k-modes of the power spectrum to 2nd adiabatic order, and of the energy density and pressure to 4th order, respectively, causes low-frequency distortion in the spectra, and even leads to IR divergences. The general covariance and energy conservation are respected at 4th order but is violated at 6th and higher orders. For de Sitter inflation, all three spectra are regularized to zero. To avoid these, we regularize only the short modes whose wavelengths are inside the horizon during inflation (corresponding to the present frequencies f 10 9 Hz), and keep the long modes intact. Doing this avoids low-frequency distortion and IR divergence, and respects the energy conservation for k-modes outside the horizon. The inside-horizon scheme is legitimate since the k-modes of RGW are independent of each other, and can apply to the scalar curvature perturbation during inflation. The resulting spectra of RGW are UV convergent and simultaneously free of low-frequency distortion, and are nonvanishing for de Sitter inflation. With these regularized spectra as the initial condition, by evolution, we obtain the spectra at the present, which remain UV convergent and free of low-frequency distortion. We also try possible schemes of regularization at the present time, for all k, for k-modes inside the present horizon, and for f 10 9 Hz, respectively. The first two schemes still suffer from distortion. The latter scheme avoids low-frequency distortion, but the spectra at high frequencies have irregular bending. From these outcomes, we conclude that the inside-horizon regularization during inflation is satisfactory.
Introduction
since its original aim is to remove only UV divergences. The adiabatic regularization as a framework is effective in removing UV divergences, but the scheme to carry out regularization has to be carefully constructed.
In this paper, we shall present a detailed study of the low-frequency distortions brought about by all-k regularization upon the power spectrum, the spectral energy density and pressure of RGW. We shall trace the origin of distortions, and make a distinction of the modes inside the horizon from those outside the horizon during inflation. As a matter of fact, only the inside-horizon modes are responsible for UV divergences, whereas the modes outside the inflation horizon contain no UV divergences. So we shall naturally regularize only these high-frequency modes, and hold the low frequency modes intact. This inside-horizon scheme of regularization is legitimate because, at the level of the linearized Einstein equation, the k-modes of RGW are independent of each other and there is no energy exchange between different k-modes. The energy conservation is respected for k-modes outside horizon, while for k-modes inside horizon a violation occurs at 6th and higher orders which is the same as the conventional adiabatic regularization. The resulting regularized spectra are UV convergent and free of low-frequency distortions as well, and for de Sitter inflation the spectra are non-vanishing. With these spectra as the initial condition, the evolution will yield the present spectra which are well-behaved. We shall also examine other possible schemes of regularization performed at the present stage, and compare with the scheme of inside-horizon regularization during inflation.
We shall analyze the structure of RGW as a quantum field at present stage as a result of evolution from inflation. We shall particularly demonstrate the oscillatory pattern existing in the present spectra, which is due to interference between the positive and negative frequency modes.
In this paper we shall not consider how to remove IR divergence in the original spectra, which will be another issue [45] [46] [47] [48] . We use the unit with c = = 1 in this paper. The paper is organized as follows.
In Sect. 2, we introduce the analytical solution of RGW, and analyze the UV and IR asymptotic behaviors of the power spectrum, the spectral energy density and pressure.
In Sect. 3, we examine the all-k adiabatic regularization of the spectra during inflation, and demonstrate the low-frequency distortions and the occurrence of IR divergences. We also demonstrate that, under adiabatic regularization, the conservation of energy and the general covariance are respected at 4th adiabatic order, but violated at 6th and higher orders.
In Sect. 4, we remedy this by the scheme of inside-horizon regularization during inflation.
In Sect. 5, we let the initial regularized spectra of Sect.4 evolve into the present spectra.
In Sect. 6, we analyze the structure of RGW at the present stage, demonstrate the oscillatory pattern in the spectra due to the interference.
In Sect. 7, we examine possible regularization at the present time, and compare with those in Sect. 5 .
Sect. 8 contains the conclusions and discussions. Appendix A gives the adiabatic counter terms, Appendix B gives the asymptotic expressions of modes at high frequency, Appendix C lists the analytical RGW solution from inflation up to the present accelerating stage.
2
Power spectrum, energy density, pressure of RGW The metric of a flat Robertson-Walker spacetime is written as
in synchronous gauge, where τ is the conformal time, and h ij is traceless and transverse RGW. As a quantum field, it is written as
where k = |k| is the comoving wavenumber, two polarization tensors satisfy
and a s k and a s † k are the annihilation and creation operators of graviton satisfying the canonical commutation relation
For RGW, the two polarization modes h + k and h × k are assumed to be independent and statistically equivalent, so that the superscript s = +, × can be dropped. To linear order, the wave equation is
The second order RGW [49] are not considered here. We emphasize that, at the level of first order metric perturbations, the RGW equation is homogeneous, and these k-modes of RGW are independent, as they do not couple to each other, and no energy exchange between different k-modes. Consequently, from statistical perspective, the modes h k can be described by a Gaussian process, the mean is zero and the variance is given by its power spectrum that we shall calculate soon. Let
where
with M P l ≡ 1/ √ 8πG being the Planck mass, determined by the quantum normalization that there is a zero point energy 1 2 ω in high frequency limit in each k-mode and each polarization of RGW. Then the mode u k satisfies the wave equation
For each stage of cosmic expansion of Universe, i.e, inflation, reheating, radiation dominant, matter dominant and the present accelerating, the scale factor is a power-law form a(τ ) ∝ τ b where b is a constant, and the exact solution of Eq. (7) is a combination of Hankel functions,
where σ ≡ kτ , and C 1 , C 2 are coefficients determined by continuity of u k , u ′ k at the transition of two consecutive stages. Thus, the analytical solution h k (τ ) is obtained for the whole course of evolution [12] . Appendix C gives the coefficients for these five expanding stages by connecting the adjoining stages. For the inflation during which RGW is generated, one has
where two constants l 0 and β are the parameters of the model, τ 1 is the ending time of inflation [9, 12] . For various values of the index β ∼ −2, the scale factor in (9) describes a class of inflation models. In de Sitter inflation, β = −2, one has l
is the inflation expansion rate. Eq. (7) has a general solution
where x ≡ |kτ | = −kτ , the phase e −iπ(β+1)/2 is chosen for simplicity at high frequency. Each choice of k-dependent coefficients (A 1 , A 2 ) defines a choice of quantum state of RGW during inflation. The Wronskian as a conserved quantity
is required for the modes u k and u * k as the two independent of solutions of the wave equation, and it is checked by using H
. The Wronskian (11) holds also in other expansion stages when the mode and its derivative are connected continuously, as demonstrated in Appendix C. Application of (11) to the mode solution (10) implies a relation
, the solution (10) can be denoted by
In high frequency limit k → ∞, it approaches to
where the leading term
is identified as the positive-frequency vacuum mode in Minkowski spacetime, and other terms reflect the effects of the expanding RW spacetime. (See (B.6) in Appendix B.) The conjugate v * in (12) is associated with the negativefrequency mode. Therefore, in general, the solution (10) during inflation can contain both positive and negative frequency modes. The mode solution is written as
One sees that its amplitude during inflation is mainly determined by the ratio H/M P l .
We work in Heisenberg picture, in which RGW as a quantum field operator evolves in time, whereas Fock space vector of quantum state does not change with time. One defines the vacuum state vector |0 such that a s k |0 = 0, for all k, and s = +, × .
The power spectrum of RGW is defined by
where the vacuum expectation value
is the auto-correlation function of RGW. One reads off the spectrum ∆ tensor-scalar ratio r < 0.11 [50] [51] [52] [53] [54] [55] . This leads to an upper limit
14 Gev. To be specific, we take H ∼ 3 × 10 14 Gev, corresponding to an inflation energy scale ρ 1/4 ∼ 3.5 × 10 16 Gev. The frequency at time τ is related to k via f (τ ) = k/2πa(τ ). By the normalization of a(τ ) adopted in this paper, the present frequency is
In particular, the conformal wavenumber k of horizon-crossing at the end of inflation is
. 
at high frequency as given in (B.7), so that the UV behavior of the spectrum is the following
where k 2 is the quadratic UV divergence coming from the Minkowski spacetime modes
of (14), and k 0 is the logarithmic UV divergences due to the expansion of RW spacetime. The task of adiabatic regularization is to remove these UV divergences in the power spectrum, as well as those in the energy-momentum tensor.
The IR behavior of the spectrum as k → 0 is sensitive to the index β, as indicated by Eq.(23). For β < −2 models which are favored by CMB observations, the auto-correlation at the lower limit k = 0 of integration is proportional to the following
ie, the auto-correlation is IR power divergent. For β = −2 de Sitter inflation, ∆ 2 t ∝ k 0 , the lower limit gives ∝ 0 dk k = − ln k| 0 = ∞, the correlation is logarithmically IR divergent. For β > −2, ∆ 2 t → 0 at k = 0, and the correlation is IR convergent. Ideally, an adiabatic regularization procedure should not alter the IR behaviors of the spectrum, or at least, should not make an IR convergent spectrum into IR divergent. However, as we shall see, this can happen for certain inflation models.
We examine the UV and IR behaviors of the energy density and pressure of RGW. There are several definitions of energy-momentum tensor of RGW arising from different considerations [6, 59, [61] [62] [63] [64] [65] [66] . For specific, we consider the following one [41, [59] [60] [61] [62] 
Generally, the total energy-momentum tensor is covariant conserved, which includes RGW and other matter components as well. The RGW energy density is
with the spectral energy density
the RGW pressure is given by
with the spectral pressure
Other definitions of ρ k and p k of RGW also involve linear combinations of |u k | 2 and (
as an essential part, so does the energy-momentum tensor of a scalar field [20] [21] [22] [23] [24] [25] [26] [31] [32] [33] [34] , therefore the analysis in this paper can apply to them. For de Sitter inflation, the BD vacuum mode is
e −ix , the spectral energy density and pressure have the following simple expressions
In high frequency limit, ρ k = 3p k ∝ H 4 k 4 , so that both ρ k and p k are UV divergent. In low frequency limit, ρ k ∝ H 4 k 4 and p k ∝ H 4 k 2 , so that both are IR convergent. These asymptotic behaviors are also true for general β ∼ −2 models. In high frequency limit, by (B.7) (B.9),
In low frequency limit,
, so
which are IR convergent, and reduce to the low frequency limits of (32) (33) for β = −2.
As we shall see, the all-k adiabatic regularization will bring ρ k , p k into IR divergent. That is our concern. 
Adiabatic regularization during inflation
We now analyze in details the occurrence of the low-frequency distortions caused by adiabatic regularization, which was not addressed in Paper I. The UV divergent power spectrum (21) changes with time during inflation. At a given instance τ , the spectrum approximately is flat ∝ k 2β+4 ∼ k 0 for k 1/|τ | (except at the IR end k ∼ 0), and rises up as ∝ k 2 for k 1/|τ |, ie, the horizon-crossing k|τ | = 1 is the point where the spectrum starts to rise up. By examining the high-frequency expression of |v k (τ )| 2 in (B.7), we realize that the point k|τ | = 1 is also where the Minkowski spacetime vacuum term is roughly equal to the next leading, expansion term 1 2k
The vacuum term is dominant at k 1/|τ |, and the expansion terms are dominant for k 1/|τ |. At any time during inflation, the part of vacuum modes which lies inside the horizon causes the k 2 divergence, and the expansion term causes k 0 divergence. The comoving wavenumber of horizon-crossing k = 1/|τ | corresponds to a present frequency f τ . For an earlier time, the rising-up frequency f τ is smaller. Fig.1 (a) illustrates that, at an earlier time τ = 1000τ 1 the spectrum rises up at f ∼ 10 6 Hz, and at the end of inflation τ 1 it rises up at f ∼ 10 9 Hz, respectively. The time τ = 1000τ 1 is when the scale factor is a ≃ 10 −3 a(τ 1 ). Given the UV divergences of ∆ 2 t , we subtract them, according to the minimal subtraction rule [20, 28, 35] ,
which can apply at any time during inflation. We refer to this scheme as the all-k regularization since the subtraction applies for all k-modes simultaneously. |v (2) k | 2 is the counter part of 2nd adiabatic order given by (A.16) in Appendix A, 
] generated by the regularized and unregularized power spectra of RGW, using CAMB code [67] . The difference is tiny.
where the first term is to cancel the quadratic divergence from the vacuum modes, and the second term is to cancel the logarithmic divergence. An important property is that during inflation the spectrum regularized at an earlier time will evolve into a spectrum which is regularized at a later time, as illustrated in Fig.1 (b) . The regularization (37) performed at any time τ during inflation always rightly removes the divergences which rises up at f τ . (This property is also true in the scheme of inside-horizon regularization in Section 4.) The resulting spectrum after regularization is ∝ k −2 at high frequency and becomes UV convergent. We show the regularized and unregularized spectrum at the end of inflation τ 1 in Fig.1 (c) (d) for the models β = −2.02 and β = −1.98, respectively. In the range (10 −20 ∼ 10 −15 )Hz the difference between the regularized and unregularized is rather small (∼ 0.2%). When they are substituted into the integration
X l being the projection factors [43] , they give their respective spectra of CMB anisotropies and polarization. We use CAMB code [67] and plot the resulting C Let examine the IR behavior of ∆ 2 t at k ∼ 0 under the regularization. The counter part at small k gives
which is a finite, k-independent constant. So, under subtraction, the all-k regularization will downshift ∆ acquire an IR logarithmic divergent term as the following (β + 1)β 4τ
As said early, for the models β < −2, the unregularized spectrum is already IR power divergent. In this case the counter term is comparatively subdominant and negligible in the limit k|τ | ≪ 1. This case is schematically illustrated in Fig.3 , and corresponds to the situation discussed in Refs. [39, 40] when the Hubble parameter at a later time during inflation is smaller than the one at horizon-crossing, H(τ )/H(τ * ) ≪ 1. However, for the models β > −2, ie, H(τ )/H(τ * ) > 1, which Refs. [39, 40] did not consider, the unregularized spectrum is IR convergent, the counter term is IR logarithmic divergent, so that the regularized spectrum is dominated by the counter term and becomes IR logarithmic divergent, as schematically illustrated in Fig.4 . Therefore, the all-k regularization suffers a difficulty for the β > −2 inflation models, since it makes an IR convergent spectrum into an IR divergent one. It also has a difficulty with the de Sitter inflation, in which the unregularized spectrum (22) and the adiabatic counter part (38) cancel exactly, yielding a vanishing power spectrum. This was pointed out in Ref. [35] for the case of a massless scalar field. As we shall see, for β = −2, the energy and pressure will be also regularized to zero by this scheme.
More drastic low-frequency distortions are brought about upon the energy density and pressure by the all-k regularization. The energy density and pressure in vacuum contain UV quartic divergence of the 0th order (∝ k 4 ), besides the quadratic divergence of 2nd order (∝ k 2 ) and logarithmic divergence of 4th order (∝ k 0 ). By the minimal subtraction rule, the adiabatic regularization will be applied to the 4th order,
where the 4-th order counter part during inflation given by (A.14) has the three terms,
which just cancels all the UV divergences of the squared derivative (v k /a) ′ 2 in (B.9). Similarly, the pressure is regularized by
where the adiabatic 4th order counter part in (A.15) is
Fig .5 shows the resulting ρ k (τ 1 ) reg , which is so drastically distorted that it becomes flat at lower frequencies f < 10 9 Hz. Moreover, at the IR end k ∼ 0, it becomes IR logarithmic divergent. The situation with pressure similar. This happens for all inflation models of β ≃ −2 other than β = −2. Recall that the original unregularized ρ k and p k in (35) (36) are IR convergent. Let us analyze the occurrence of IR divergence in details, with the pressure as example, by plotting each individual term schematically in Fig.6 . The counter part (44) at small k is dominant and gives
which is a k-independent constant. Substituting (45) into the integration (30) will give a logarithmic divergent term
so that p gw becomes IR logarithmic divergent. Similar for the regularized energy density. This outcome is a difficulty for the scheme of all-k regularization. Actually, the scheme has the same difficulty for a scalar field too, since its energy-momentum tensor also involves the typical terms
like RGW. For de Sitter inflation, the scheme has another difficulty. The spectral energy density ρ k in (32) has only one quartic divergent term, the counter terms |(
, so that they cancel, yielding a zero energy. The spectral pressure p k in (33) has only two divergent terms, so does the counter part |v (44), and they also cancel, yielding a zero pressure.
Hence, the above analysis on the occurrence of IR divergence tells that the scheme of all-k regularization during inflation is unsuccessful.
Moreover, in the all-k scheme the regularized energy-momentum tensor does not satisfy the conservation of energy as the following
where B is a function of τ . At high k, using the known expressions of ρ k reg and p k reg in (93) (95) in Ref. [41] , we obtain
This violation of conservation is of 6th adiabatic order (∝ k −2 ) at high k. In our previous work [41] we mentioned that the trace is nonzero ρ k reg − 3p k reg = 0. This also implies that the violation of conservation is caused by adiabatic regularization, since before regularization ρ k − 3p k = 0 at high k. The issue of violation by adiabatic regularization is important and less discussed in literature, we analyze it in more details in the following.
The violation of conservation also occurs for a scalar field as we have checked. Consider a scalar massive field φ with the energy-momentum tensor T µν for generality. Typically a subtraction of 4th adiabatic order is performed,
k | 2 for all k, where φ k is the exact solution of the field equation and φ
k dτ ′ is the WKB approximate solution to the 4-th order. The unregularized φ k fully respects the conservation of energymomentum and the general covariance. However, φ
k only respects the conservation and covariance to the 4-th order. The field equation that φ (4) k satisfies as an exact solution differs from the field equation of φ k , and the difference between the two equations is of 6th order, so that φ (4) k causes a violation of the covariance and conservation at 6th order. Indeed, after adiabatic subtraction of 4th order, UV divergences (of 0th, 2nd, and 4th orders) are removed from |φ k | 2 − |φ
= 0, and the conservation holds trivially at 4th and lower orders, T µν(0) reg
;ν = 0. The remaining convergent part (of 6th order and higher) will not respect the conservation nor covariance at 6th and higher orders, leading to T µν(6) reg ;ν = 0 for all k-modes. A higher order corresponds to a smaller violation in high-k range. In regard to at 4th order, the nonzero T µν(6) k ;ν = 0 is high-order small. We also check this violation by using the k-modes of the adiabatically subtracted terms T µν k A in Eq.(2.10a) and (2.10b) in Ref. [26] and find
which is consistent with the result (46) in k-modes. We remark that, as an exception, for the special case of a massless and conformally-coupling scalar field [28] , T 0µ ;µ k A = 0, and the covariant conservation of stress tensor is respected under 4th-order adiabatic regularization.
Therefore, when adiabatic regularization is said to respect the conservation and covariance, it means only at certain order. For 4th-order regularization, the conservation holds at 4th and lower orders, and is violated at 6th and higher orders.
Regularization inside the inflation horizon
We have seen in Figs.1 (a) that the unregularized power spectrum at τ rises up for k 1/|τ |, and the UV divergences come from this high frequency range, whereas the low frequency part contains no UV divergence. This observation suggests that, to remove UV divergences, we need only regularize the k-modes whose wavelengths are inside the inflation horizon (k 1/|τ |), and hold intact the k-modes that lie outside the inflation horizon. For the power spectrum, we shall regularize to 2-nd adiabatic order, and, for the energy density and pressure, to 4-th order.
One may have concern with this idea of inside-horizon regularization in regard to the conservation of energy [20] . As we have shown in the above, the conventional adiabatic regularization leads to the 6th order violation of conservation and covariance. If only a part of k-modes are subtracted by counter terms while other low k-modes are not, what will happen for conservation and covariance? In adiabatic regularization, subtraction is actually performed on individual k-modes. At the level of the linearized approximation of Einstein equation, RGW is a linear field, and its k-modes are independent each other, there is no energy exchange between different k-modes, as emphasized below Eq.(6). Thus, the regularization inside the horizon will not affect the those outside horizon. For the inside-horizon k-modes, the energy-momentum tensor of each mode is conserved at 4th order just as the all-k scheme. For the outside-horizon k-modes, no change is made, the energy-momentum tensor is originally conserved (in combination with other matter components [59, 62, 63, 65] ). Putting together, The inside-horizon scheme will lead to less violation of conservation and covariance than the all-k scheme.
In fact, the scheme of inside-horizon regularization can apply to other linear fields during inflation, such as free scalar fields, either massless or massive, as long as interaction between k-modes is vanishing, or negligibly small. This is the case also for the scalar curvature perturbation [41, 76, 77] and the gauge-invariant perturbed scalar field [78, 79] , in the exponential inflation model of Eq.(9). If one would work with RGW at the second order perturbation, there will be small interactions between different k-modes of RGW, and even between k-modes of RGW and scalar metric perturbation [49] . In this interaction case, direct application of this scheme will cause small errors in the conservation. In this paper we do not consider the second order RGW.
Thus we propose the following scheme of inside-horizon regularization during inflation
which regularizes only the high-frequency modes and leaves the low-frequency modes intact. We refer this scheme also as the inflation-horizon regularization. This can apply at any time τ during inflation. As before, the spectrum regularized at an earlier time will evolve into the spectrum regularized at a later time. All the resulting spectra regularized at any instance τ during inflation are equivalent, in regard to post-inflation cosmology.
Once the initial spectrum is UV convergent, it will continue to be so in subsequent later stages. The power spectrum regularized at τ = 1000τ 1 and at τ 1 is shown in Fig.7 for β = −2.02, and in Fig.8 for β = −1.98, respectively. As expected, the low-frequency portion is intact, whereas the UV divergences are gone, yielding a spectrum ∝ k −2 at high frequency end. For de Sitter inflation, the regularized power spectrum is nonvanishing in the whole range f < 10 9 Hz and is zero for f > 10 9 Hz, as seen in Fig.9 (c) . So the difficulty of the all k regularization is overcome. The spectrum regularized according to the inside-horizon regularization (49) at an earlier time τ = 1000τ 1 , and at τ 1 , respectively. The former will evolve into the latter at τ 1 . By the way, for the scalar curvature perturbation [76] [77] [78] [79] during inflation, the power spectrum has a similar structure to that of RGW [41] , and can be also regularized by the inside-horizon regularization
for β = −2 in the exponential inflation model of Eq.(9). We mention that the CMB spectra C order as the following
where no subtraction is made for the modes outside the horizon k|τ | < 1. The resulting spectra regularized at τ 1 are plotted in Fig.9 (a) and (b), respectively. The low frequency (k|τ | < 1) portion remains intact. Inside the horizon, the 6th order violation of conservation also occurs
16π 2 B = 0 for k|τ | > 1, but the range is narrower than the all-k scheme (46) .
For de Sitter inflation, ρ k reg is non-vanishing for f < 10 9 Hz and is zero for f > 10 9 Hz, as shown in Fig.9 (d) . And p k reg is similar. Thus, the scheme of inflation-horizon regularization overcomes the difficulty of the all-k regularization for de Sitter inflation.
We check that, after the inside-horizon regularization, the regularized energy density of RGW is finite and smaller than the background energy density that drives inflation expansion, and satisfies the so-called back-reaction constraint. To be specific, at time τ 1 , we substitute ρ k (τ 1 ) reg into the integration (28) to get the regularized energy density of RGW,
where k 1 ≡ 1/|τ 1 |. The first term of (53) is an integration over modes outside the horizon, the integrand should be the unregularized ρ k (τ 1 ) and can be approximated by k 4 2π 2 a 4 (τ 1 ) of (32), so that
In the second term of (53), the expression of ρ k (τ 1 ) reg is of 6th adiabatic order and has been given by (93) in Ref. [41] , so that
Hence, the sum is ρ gw reg ≃ H 4 8π 2 , which is a finite energy density, much smaller than the background energy density 
Evolution of regularized spectra into the present
We now take the power spectrum regularized by the inside-horizon regularization (49) as the initial condition, and let it evolve to the present stage. Inside the horizon k|τ 1 | > 1 the initial modes are taken to be
with the phase e iθ(τ 1 ) =
. Outside the horizon, the initial modes are taken to be the original v k (τ 1 ). The subsequent evolution of each regularized mode is independent, and goes through reheating, radiation, matter, up to the present accelerating stage. Specifically, we substitute the mode (55) and its time derivative for [u k (τ 1 )] inf and [u ′ k (τ 1 )] inf of the inflation stage, and calculate the coefficients b 1 , b 2 for the reheating stage, then for the subsequent stages, using the formulae in Appendix C. This procedure results in the regularized modes u k (τ H ) reg at the present time τ H , and the associated regularized power spectrum
It should be remarked that, u k (τ H ) reg of each k is actually a combination of positive and negative frequency k-modes, that is why we use the notation u k instead of v k . The spectrum is shown in Fig 10 for β = −2.02. For de Sitter inflation the present spectrum is nonvanishing for f < 10 9 Hz, as is seen in Fig.11 . For illustration, the detailed evolution history of regularized power spectrum in the course of cosmic expansion, from inflation, reheating, radiation, matter, up to the present time τ H are demonstrated in Fig.12 . The modes inside the horizon are decreasing as h k (τ ) ∝ 1/a(τ ), and the modes outside the horizon keep constant h k (τ ) ∝ const. Thus, higher-k modes started decreasing earlier and has dropped more. Now the evolution of ρ and p. Here the modes are regularized up to 4th adiabatic order, so that the initial modes inside the inflation horizon are taken to be
, and the initial modes outside the horizon are also intact. By the same procedure as the above, the evolution results in the regularized modes u k (τ H ) reg at The present ∆ 2 t (k, τ H ) reg which has evolved from the initial ∆ 2 t (k, τ 1 ) reg in Fig.7 . Its low frequency portion f < 10 9 Hz is overlapping with the unregularized. The present ∆ 2 t (k, τ H ) reg is nonvanishing in the range f < 10 9 Hz, which has evolved from the initial ∆ 2 t (k, τ 1 ) reg of de Sitter inflation in Fig.9 (c). the present time, and the associated regularized spectral energy density and pressure Fig.13 (a) for β = −2.02 and Fig.13 (c) for β = −2, p k (τ H ) reg is shown in Fig.13 (b) for β = −2.02 and Fig.13 (d) for β = −2. They are rescaled by the critical density ρ c in plotting. The detailed evolution history of the regularized spectral energy density is demonstrated in Fig.14 . We notice an interesting feature that the spectra after inflation all exhibit quick oscillations in frequency domain, whereas the initial spectra defined in BD vacuum during inflation have no oscillations. This feature is clearly seen in almost all the figures. The oscillatory pattern is produced in the spectra across the consecutive expansion stages. The adiabatic regularization will not change this oscillatory pattern. In the next section we shall show that the oscillation in the spectra can be interpreted as the interference between the positive and negative frequency modes of RGW, which have developed over the various stages of expansion, even though RGW during inflation initially is chosen to have only the positive modes.
6
Structure of RGWand Interference
We analyze the structure of RGW as quantum field in the present stage. After generation during inflation, RGW has gone through the subsequent four stages, and evolved into the present accelerating stage with the scale factor a(τ ) = l H |τ − τ a | −γ and γ ≃ 2.1. The solution (8) in the present stage is Fig.9 (a) .
Hz. consisting of both positive and negative modes, where s = k|τ − τ a |, the Bogolyubov coefficients β k , α k are determined by the initial condition and cosmic evolution. Their analytical expressions are obtained by connecting the modes u k and u ′ k for each k consecutively for the five stages. See Appendix C and Ref. [12] . At high frequencies, they have the following asymptotic expressions:
where x 1 , t 1 , t s , y s , y 2 , ..., s E are the time instances of transitions multiplied by k. See Appendix C. (In (43) and (44) Fig.15 . They satisfy the relation
which is implied by applying the Wronskian (11) to the mode (60) . The relation (63) can be checked to be satisfied by (61) and (62) to each order of powers of k. Similar to inflation stage, the positive frequency mode in (60) is taken as the vacuum mode at the present stage
e −ik(τ −τa) as k → ∞. Then the mode solution (60) is written as 
The above terms will appear in the summation over k, so one can change the sign of the wavevector k in the β k terms. Thus
is interpreted as the annihilation operator of gravitons of k for the present stage. (In the expression of A k in Ref. [41] where the subscript should have a minus sign, a † k → a † −k .) The number density of gravitons in k-mode in the present stage is
which have been generated during the expansion. By Eqs. (63) (65), we write the power spectrum (19) , the spectral energy density (29) and pressure (31) at the present time
all of them contain three terms. Consider Eq.(69) as example, the first term |v k | 2 is the present vacuum contribution.
is the interference between the positive and negative frequency modes. (It was also called as the vacuum-graviton coupling in Paper I.) These interpretations also apply to (70) and (71) . The interference arises inevitably as soon as the negative frequency modes β k v * k are developed in the reheating stage after inflation and in the subsequent stages. Hence, the particle production in the expanding RW spacetimes is always accompanied by the interference. In this sense, the interference is a prediction of quantum fields theory in curved spacetime. The contributions of the three terms vary in different frequency ranges and are plotted in Fig.16 for the unregularized power spectrum. Over the range f ≤ 10 9 Hz, the graviton term is dominant, the oscillatory interference is comparable, and the vacuum is negligibly small. For high frequency f ≥ 10 9 Hz, the vacuum dominates and is ∝ k 2 quadratic divergent, the interference is ∝ k 0 logarithmic divergent, the graviton is ∝ k −2 convergent. Fig.17 is an enlarged portion of Fig.16 at low frequency end f 10 −17 Hz. This portion corresponds to the range probed by CMB anisotropies [41, 43] . Fig.18 (a) shows the range around f ∼ 10 −9 Hz corresponding to that of PTA detectors. Notice that in this range the characteristic amplitude of RGW is h(f, τ
, which is high enough and may be possibly detected by PTA detectors, such as PPTA, EPTA, SKA, NANOGrav, FAST, etc [68] [69] [70] [71] [72] [73] . The oscillation frequency of interference is ∼ 8 × f ∼ 10 −8 Hz and the oscillatory amplitude is ∼ 10
decreasing at large f . This unique oscillatory feature existing in the spectrum will be helpful to distinguish the RGW signal from the GW foreground and noise. Fig.18 (b) shows the range around f ∼ 10 −2 Hz corresponding to LISA [74] . The characteristic amplitude of RGW is h(f, τ H ) ∼ 10 −23 . The oscillation frequency is ∼ 10 × f ∼ 10 −1 Hz. Fig.18 (c) shows the range around f ∼ 10 2 Hz corresponding to LIGO [75] . The oscillation frequency is ∼ 18 × f ∼ 10 3 Hz. Fig.18 (d) shows the high frequency portion around f ∼ 10 9 Hz. This may be explored high-frequency Gaussian beam detectors [13, 14] .
Interestingly, the interference term takes ± values and oscillates around 0. This is the origin of the oscillatory pattern in the spectra. From Figs.18 (a),(b) ,(c) one sees that the oscillation amplitude of interference are comparable to that of the vacuum, the latter actually forms the upper envelope of the oscillatory interference. The oscillation amplitude decreases with and the oscillation frequency increases with the spectrum frequency f . The interference together with the graviton contribute in the range (10 −19 ∼ 10 9 )Hz, which covers the observational range of almost all of GW detectors. Thus, future detections of RGW will have chance to probe the prediction of interference oscillations. 4.0x10 -19 6.0x10 -19 8.0x10 7 Regularization at the present time
As possible alternative to that in Section 5, we try to perform regularization on the spectra of RGW at the present time. The three terms in the power spectrum (69) need to be regularized. As before, the vacuum is subtracted by |v
k | 2 which is the 2nd adiabatic order counter term for the present stage, given in (A.12) in Appendix A. The interference term
2 , which is the 0th order counter term given in (A.13). The graviton term |β k | 2 |v k | 2 ∝ k −5 is already UV convergent and needs no regularization. So the power spectrum is regularized at the present time τ H as the following
The spectral energy density (70) and pressure (71) are regularized up to the 4th adiabatic order where six counter terms are listed in (A.6)-(A.11) in Appendix A, giving the explicit formulae
In the above, τ stands for (τ H − τ a ) to avoid clumsy notation. We try to apply the formula (72) (75) (76) for all k-modes. As shown in Fig.19 (a) , the resulting power spectrum at low frequency is uplifted at k ∼ 0, the interference oscillations are suppressed. The resulting ρ k (τ H ) reg is totally distorted as shown in Fig.19 (b) . The situation is with the pressure is similar. Thus, the all-k regularization at the present time is unsuccessful.
We may try to apply the formulae (72) (75) (76) to the modes lying inside the present horizon k >
Hz. Again, ρ k (τ H ) reg is drastically distorted, as shown in Fig.19 (c) . This scheme is unsuccessful either. The three unregularized spectra all rise up at f 10 9 Hz which corresponds to k > 1/|τ 1 | by the relation (25) . So, the present k-modes that carry UV divergences are identified as the same modes that were carrying UV divergences during inflation. Therefore, we shall apply the formulae (72) (75) (76) only to the high k-modes with f > 10 9 Hz, and hold the lower frequency modes intact. The resulting power spectrum is plotted in Fig.20 (a) , and has no low-frequency distortion for f < 10 9 Hz, similar to Fig.10 . However, at high frequency as shown in Fig.20 (b) , it behaves as ∝ k −2 in the range (10 9 ∼ 10 35 )Hz, and as ∝ k −1 for f > 10 35 Hz, giving rise to a bending. This differs from an unbending result ∝ k −2 by cutting off the interference term in Paper I. The spectral energy and pressure are plotted in Fig.20 (c) (d) , and have no low-frequency distortion for f < 10 9 Hz, similar to Fig.13 . But, they have an abrupt drop at f ≃ 10 9 Hz. Thus, the regularization at the present time yields the spectra whose low frequency portion is similar to those by the inside-horizon regularization in Section 5, also brings about the irregularities at high frequency. These irregularities seem artificial. The actual spectra at high frequency may eventually be explored by high-frequency Gaussian beam detectors [13, 14] .
Conclusion and Discussion
The power spectrum of RGW contains UV divergences up to 2nd adiabatic order, and the energy density and pressure of RGW contain UV divergences up to 4th order, the scheme of all-k regularization removes UV divergences, but also brings about distortions at low frequencies. More severely, as our detailed analysis has revealed, the IR convergent spectral energy density and pressure are even changed to IR divergent under the all-k regularization. For scalar fields the situation is similar.
To avoid these low-frequency distortions, we have proposed the scheme of insidehorizon regularization, which is based upon the fact that during inflation the UV divergences are due to the short-wavelength modes (k > 1/|τ |) inside the horizon, whereas the long-wavelength modes are not responsible. We regularize only the high k-modes inside the inflation horizon, and keep the low k-modes intact. Consequently, the regular-ized spectra during inflation all become UV convergent, and simultaneously are free of IR distortions for a whole range of f 10 9 Hz, as shown in Figs.7, 8, 9 . With these spectra as the initial condition, we let them evolve to the present stage, and obtain the present spectra in Fig.10 and Fig.13 , which all remain UV convergent and free of IR distortion. For de Sitter inflation, the scheme yields the spectra, which are non-vanishing and free of IR distortion, as shown in Fig.11 and Fig.13 , thus, overcoming the difficulty with the all-k regularization or the horizon-exit regularization that would inevitably lead to vanishing spectra for de Sitter inflation. The previous studies in literature on low frequency distortion, focused only on the power spectrum, and did not notice the occurrence of IR divergence in the energy density and pressure.
We have also demonstrated that, under adiabatic regularization, the conservation of energy and the general covariance are respected at 4th adiabatic order, but are violated at 6th and higher orders. It is legitimate to adopt the inside-horizon scheme of regularization for RGW, because at the level of the linearized Einstein equation, RGW is a linear field and consists of independent k-modes, there is no energy transfer between different kmodes. In the range k > 1/|τ |, like the all-k scheme, the inside-horizon scheme respects the conservation of energy-momentum at 4th order and violates its at 6th and higher order. In the range k < 1/|τ |, no regularization is made and nothing changes. The insidehorizon scheme can apply also to other linear fields with no interaction between different k-modes, such as the scalar curvature perturbation and the gauge-invariant perturbed scalar field during inflation.
We have also tried possible schemes of regularization at the present time, for all k, for f 10 −18 Hz inside the present horizon, for f 10 9 Hz inside the inflation horizon. The former two schemes are found to be unsuccessful. The latter yields the spectra with some irregularities at high frequency.
From these outcomes of this paper, it is obvious that, among various possible regularization schemes, the inside-horizon regularization at any time during inflation is a reliable scheme. From theoretical perspective, the scheme is more attractive, because, from the very beginning up to the present, the spectra are UV convergent and free of low-frequency distortion. It may be interesting to see if the scheme can be extended to more general cases of quantum fields in curved spacetime.
We have also analyzed the structure of spectra of RGW as quantum field at the present stage, and have demonstrated that the spectra consist of the graviton, the interference, and the vacuum contributions. The former two contributions are dominant in the range f 10 9 Hz, which covers almost all the observational band of detectors. As a prominent feature, the spectra contain quick oscillations in the frequency domain, as plotted in Figs.17 and 18 . The oscillatory pattern is due to interference of positive and negative frequency modes of RGW. The interference always accompanies the graviton production in the course of cosmic expansion. As far as we know, the interference oscillations of RGW has not been explored sufficiently in literature, so we have given a detailed description in connection with possible observation. By comparison, the GW foreground formed from a number of unresolved sources generally does not possess this distinguished pattern. Thus, the oscillatory pattern provides a means to distinguish RGW from the GW foreground, and future detection of RGW will have chance to probe it.
To the 0th order,
e −ikτ , which corresponds to the mode in Minkowski spacetime. To the 2th adiabatic order W
, the 4th adiabatic order
For the accelerating stage a(τ ) ∝ |τ | −γ ,
Substituting this into (A.1) yields the 4th adiabatic counter mode
and the 2nd order adiabatic counter mode follows
From these counter modes, one obtains the adiabatic counter terms that are used in the context. The time derivatives are
for the energy density. with y ≡ k(τ − τ e ) and the coefficients as
where y 2 ≡ k(τ 2 − τ e ) and z 2 ≡ k(τ 2 − τ m ). In the limit k → ∞, 
